Transport in line junctions of v = 5/2 quantum Hall liquids 
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We calculate the tunneling current through long line junctions of a v = 5/2 quantum Hall liquid 
and i) another v — 5/2 liquid, ii) an integer quantum Hall liquid and iii) a quantum wire. Momentum 
resolved tunneling provides information about the number, propagation directions and other features 
of the edge modes and thus helps distinguish several competing models of the 5/2 state. We 
investigate transport properties of two proposed Abelian states: K = 8 state and 331 state, and 
four possible non- Abelian states: Pfaffian, edge-reconstructed Pfaffian, and two versions of the anti- 
Pfaffian state. We also show that the non-equilibrated anti-Pfaffian state has a different resistance 
from other proposed states in the bar geometry. 
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I. INTRODUCTION 

One of the most interesting aspects of the quantum 
Hall effect (QHE) is the presence of anyons which carry 
fractional charges and obey fractional statistics. In many 
quantum Hall states, elementary excitations are Abelian 
anyons^. They accumulate non-trivial statistical phases 
when move around other anyons and can be viewed as 
charged particles with infinitely long solenoids attached. 
A more interesting theoretical possibility involves non- 
Abelian anyons^. In contrast to Abelian QHE states, 
non- Abelian systems change not only their wave func- 
tions but also their quantum states when one anyon en- 
circles another. This property makes non- Abelian anyons 
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FIG. 1: (a) Tunneling between v = 5/2 and v = 2 QHE 
liquids. The edges of the upper and lower QHE liquids form 
a line junction, (b) Tunneling between v = 5/2 QHE liquid 
and a quantum wire. In both setups, contacts C\ and C2 are 
kept at the same voltage V. 



a promising tool for quantum information processing^. 
However, their existence in nature remains an open ques- 
tion. 

It has been proposed that non-Abelian anyons might 
exist in the QHE liquid at the filling factor v = 5/2, 
Ref. 0. Possible non-Abelian states include different ver- 
sions of Pfaffian and anti-Pfaffian states^—. At the same 
time, Abelian candidate wave functions such as K = 8 
and 331 states were also suggested 7 -^ for v = 5/2. Differ- 
ent models predict different quasiparticlc statistics but 
the same quasiparticlc charge q = e/4, where e < is an 
electron charge. Since the experiments*— have been lim- 
ited to the determination of the charge of the elementary 
excitations, the correct physical state remains unknown. 

Several methods to probe the statistics in the 5/2 state 
were suggested but neither was successfully implemented 
so far. This motivates further investigations of possible 
ways to test the statistics. The definition of exchange 
statistics involves quasiparticle braiding. Hence, inter- 
ferometry is a natural choice. An elegant and conceptu- 
ally simplest interferometry approach involves an anyonic 
Fabry-Perot interferometer— ~— Its practical implemen- 
tation faces difficulties due in part to the fluctuations of 
the trapped topological charg e - 17 ' 18 . A very recent Fabry- 
Perot experiment might have shown a signature of any- 
onic statistics— However, interpretation of such exper- 
iments is difficult— and must take into account sample- 
specific factors such as Coulomb blockade effects! 21 ' 22 An 
approach based on a Mach-Zehnder interferometer— ~— 
is not sensitive to slow fluctuations of the trapped topo- 
logical charge but just like the Fabry-Perot interferome- 
try it cannot easily distinguish Pfaffian and anti-Pfaffian 
states. On the other hand, the structure of edge states 
contains full information about the bulk quantum Hall 
liquid and thus a tunneling experiment with a single 
quantum point contact might be sufficient 7 -. Unfortu- 
nately, even in the case of simpler Laughlin states the 
theory and experiment have not been reconciled for this 
type of measurements— Besides, the scaling behavior 
of the tunneling I — V curve is non-universal and de- 
pends on many factors such as edge reconstruction 2 ^ and 
long range Coulomb interactions. An approach based on 
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FIG. 2: Tunneling between the fractional QHE channels of 
the v = 5/2 edge and the v = 2 integer channels. Contacts 
Ci and C2 are kept at the same voltage V and the other 
contacts are grounded. 



two-point-contact geometry 3 ^ identifies different states 
through their universal signatures in electric transport. 
This comes at the expense of the necessity to measure 
both current and noise. Recently an approach based on 
tunneling through a long narrow strip of the quantum 
Hall liquid was proposed 3 -!. This approach, however, has 
the same limitation as the Fabry-Perot geometry: in- 
terference is smeared by the quasiparticle tunneling into 
and from the strip. In this paper we analyze a related 
approach with tunneling through a long narrow line junc- 
tion of quantum Hall liquids and a line junction of a 
v = 5/2 quantum Hall liquid and a quantum wire. Since 
only electrons tunnel in such geometry the interference 
picture is not destroyed by quantum fluctuations. 

Fig. [T] shows sketches of our setups. Electrons tunnel 
from the v = 5/2 fractional QHE state to the v = 2 or 
v = 1 integer QHE state through a line junction in the 
weak tunneling regime (Fig. Hk)) at near zero tempera- 
ture. A similar setup has already been realized in the 
integer QHE regime 3 ^. Fig. Q})) illustrates a setup with 
electron tunneling between the edge of the v = 5/2 liquid 
and a one-channel quantum wire. The most important 
feature in these setups is the conservation of both energy 
and momentum in each tunneling event^Sr— . The two 
conservation laws lead to singularities in the I —V curve. 
Each singularity emerges due to one of the edge modes 
on one side of the junction. Thus, the setups allow one 
to count the modes and distinguish different proposed 
states since they possess different numbers and types of 
edge modes with different propagation directions and ve- 
locities. In particular, these setups are able to distinguish 
different Abelian and non-Abelian states. 

The edge of the 5/2 state includes both a fractional 
5/2 edge and two integer quantum Hall channels. In the 
setups Fig. [TJ electrons tunnel both into the fractional 
and integer channels on the edge. However, our calcu- 
lations are also relevant for a setup in which tunneling 
occurs into the fractional 5/2 edge only. Such situation 
can be achieved in the way illustrated in Fig. [2l similar 
to experiments 3 -^—. In the setup Fig. [5J a voltage differ- 
ence is created between integer and fractional quantum 
Hall channels on the same edge and tunneling occurs be- 
tween the integer and fractional channels. Our results 
also apply to the setup considered in Ref. H||. I n that 



setup, tunneling occurs into an edge separating v = 2 
and v = 5/2 quantum Hall liquids. 

The paper is organized as follows. We review several 
models of the 5/2 state and their corresponding edge 
modes in Sec. [Hj Sec. IIIII contains a qualitative discus- 
sion of the momentum resolved tunneling. We describe 
our technical approach in Sec. HVl The number of con- 
ductance singularities allows one to distinguish different 
models. This number is computed in section [V] De- 
tailed calculations of the I — V curve for each edge state 
are given in Sec. IVIl in the limit of weak interactions be- 
tween fractional and integer edge channels. Our results 
are summarized in Sec. lVIIl We discuss effects of possible 
reconstruction of integer QHE modes in the Appendix. 



II. PROPOSED 5/2 STATES 

Numerical experiments 3 ^ - — generally support a spin- 
polarized state for the quantum Hall liquid with v = 5/2. 
Below we review the simplest spin-polarized candidate 
states, including the abelian K = 8 state, a version of 
the 331 state, and non-abelian Pfaffian and anti-Pfaffian 
states. In all those states, the lowest Landau level is fully 
filled with both spin-up and spin-down electrons which 
form two integer QHE liquids, while in the second Lan- 
dau level electrons form a spin-polarized v = 1/2 frac- 
tional QHE liquid. Our approach can be easily extended 
to spin-unpolarized states. In the following, we focus on 
the 1/2 fractional QHE liquid and its edge. The lowest 
Landau level contributes two more edge channels. 

The K = 8 state can be understood as a quantum 
Hall state of Cooper pairs. The 331 state is formed by 
the condensation of the chargc-2e/3 quasiparticles on top 
of the Laughlin v = 1/3 state. A different version of the 
331 state is also known^ 3 -. Since that version is not spin- 
polarized, we do not consider it below. 

The abelian K = 8 and 331 states^ can be described 
by Ginzburg-Landau-Chern-Simons effective theories^, 
with the Lagrangian density given by 



C = -— Kua^ajxe^, 



(1) 



where fi,u = t,x,y are space-time indices. The if-matrix 
describes the topological orders of the bulk, and its di- 
mension gives the number of layers in the hierarchy. The 
C/(l) gauge field a/^ describes the quasiparticle/quasihole 
density and current in the Ith hierarchical condensate. 
This effective bulk theory also determines the theory at 
the edge, where the U(l) gauge transformations are re- 
stricted. The edge theory, called chiral Luttingcr liquid 
theory, has the Lagrangian density 
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(d t (f>iKjjd x (j)j + d x cj>iVud x (j>.j). (2) 



The chiral boson field cj>i describes gapless edge excita- 
tions of the Ith condensate, and V/j is the interaction 
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between the edge modes. We see that the dimension of 
the A-matrix gives the number of the edge modes. In the 
K = 8 state, electrons first pair into charge-2e bosons, 
then these bosons condense into ai/ = 1/8 Laughlin state. 
Hence, the A'-matrix is a 1 x 1 matrix whose only ele- 
ment equals 8, and so there is only one right-moving edge 
mode. The 331 state is characterized by 

^=(V 4 2 ) ( 3 ) 

which has two positive eigenvalues, so there are two right- 
moving modes at the edge. This state should be con- 
trasted with the spin-unpolarized version of the 331 state, 
whose A'-matrix has entries equal to 3 and 1 only. The 
same name is used for the two states since they have the 
same topological order—. 

The Pfaffian stated can be described by the following 
wave function for the 1/2 fractional QHE liquid 

*Pf = Pf(— TT) 11^ - ^) 2 e" E * K (4) 

in which z n — x n + iy n is the coordinate of the nth elec- 
tron in units of the magnetic length Is, and Pf is the 
Pfaffian of the antisymmetric matrix 1/ (zi — Zj). At the 
edge, there is one right-moving charged boson mode and 
one right-moving neutral Majorana fermion mode. The 
edge action assumes the form (|45|) . In the presence of 
edge reconstruction, the action changes^. In the recon- 
structed edge state, there are one right-moving charged 
and one right-moving neutral boson mode, and one left- 
moving neutral Majorana fermion mode. The edge action 
becomes Eq. (|47jl . 

The anti-Pfaffian stated is the particle-hole conjugate 
of the Pfaffian state, i.e., the wave function of the anti- 
Pfaffian state can be obtained from the Pfaffian wave 
function through a particle-hole transformation^, given 
in Ref. [j| There are two versions of the anti-Pfaffian edge 
states. One possibility is a non-equilibrated edge. In that 
case tunneling between different edge modes can be ne- 
glected and the modes do not equilibrate. The action 
contains two counter-propagating charged boson modes 
and one left-moving neutral Majorana fermion mode 
Eq. (|55|) . The other version is the disorder-dominated 
state, in which there are one right-moving charged boson 
mode and three left-moving neutral Majorana fermion 
modes of exactly the same velocity, Eq. (f5"3| . As dis- 
cussed below, only limited information about the latter 
state can be extracted from the transport through a line 
junction since momentum does not conserve in tunneling 
to a disordered edge. 

We see from the above discussion that different pro- 
posed edge states have different numbers and types of 
modes. This important information can be used to de- 
tect the nature of the 5/2 state as discussed in the rest 
of this paper. 



III. QUALITATIVE DISCUSSION 

In this section we discuss some details of the setup. 
We also provide a qualitative explanation of the results of 
the subsequent sections in terms of kinematic constraints 
imposed by the conservation laws. 

Our setups are shown in Fig. [TJ The long uniform 
junction couples the edge of the upper v = 5/2 fractional 
QHE liquid with the edge of the lower v = 2 or v = 1 
integer QHE liquid. Such a system with two sides of the 
junction having different filling factors can be realized ex- 
perimentally in semiconductor heterostructures with two 
mutually perpendicular 2D electron gases (2DEG) 33 ' 46 . 
Properly adjusting the direction and magnitude of the 
magnetic field one can get the desired filling factors^ 3 .. 
Depending on the direction of the magnetic field, the up- 
per and lower edge modes in Fig. la) can be either co- 
or counter-propagating. In Sec. IVII1 we will also briefly 
discuss the tunneling between two 5/2 states. This situ- 
ation can be realized by introducing a barrier in a single 
2DEG— . We will see however that the second setup is 
less informative than the first one. Finally, we will con- 
sider tunneling between a 5/2 edge and a uniform par- 
allel one-channel quantum wire. Such setup can come 
in two versions: a) tunneling into a full 5/2 edge that 
includes both fractional and integer modes and b) tun- 
neling into a fractional edge between v = 2 and v = 5/2 
QHE liquids 3 ^. A closely related setup is illustrated in 
Fig. [21 There the tunneling occurs between different 
modes of the same edge. 

Below we will use the language referring to tunneling 
between two QHE liquids, a 5/2 liquid and an integer 
v = 2 QHE liquid. This language can be easily translated 
to the quantum wire situation. In contrast to the integer 
QHE edge, a quantum wire contains counter-propagating 
modes. However, the energy and momentum conserva- 
tion, together with the Pauli principle, generally restrict 
tunneling to only one of those modes. 

The Hamiltonian assumes the following general struc- 
ture: 

H = H5/2 + H±nt + -f/tun, (5) 

where the three contributions denote the Hamiltonians 
of the 5/2 edge, the integer edge and the tunneling term. 
The latter term expresses as 

H tun = /da^t(s)^r n (z)V>„(aO+H.c., (6) 

^ n 

where x is the coordinate on the edge, ip^x) is the elec- 
tron creation operator at the integer edge, ip n are elec- 
tron operators at the fractional QHE edge and T n (x) are 
tunneling amplitudes. Several operators ip n correspond 
to different edge modes. We assume that the system is 
uniform. This imposes a restriction 

T n (x) — exp(-iAfc„x), (7) 
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where Afc„ should be understood as the momentum 
mismatch between different modes. In order to de- 
rive Eq. (J7J) we first note that in a uniform system 
|F m (a;)| cannot depend on the coordinate. Next, we con- 
sider the system with the tunneling Hamiltonian H[ nn = 
V' t (x )T m (x )il; m (x ) +'0 t (x +a)T m (x +a)ip m (x +a) + 
H.c. The current can depend on a only and not on Xq - 
otherwise different points of the junction would not be 
equivalent. Applying the second order perturbation the- 
ory in T m to the calculation of the current one finds that 
r m (xo)r^(a;o-l-a) must be a constant, independent of xq. 
Using the limit of small a one now easily sees that the 
phase of the complex number T m (x) is a linear function 
of x. This proves Eq. ([7]). 

We assume that the same voltage V is applied to both 
contacts at the upper v = 5/2 edge in Fig. 1, so that all 
right-moving and left-moving modes at the upper edge 
are in equilibrium with the chemical potential jjb\ = eV . 
The lower edge is grounded, i.e., the chemical potential 
at the lower edge ^2 = 0. 

Afc n may depend on the applied voltage V since the 
width of the line junction may change when the applied 
voltage changes. We will neglect that dependence in the 
case of the setup with the tunneling between two QHE 
liquids; more specifically, we will assume that both liq- 
uids are kept at a constant charge density and the tun- 
neling between them is weak. In the case of the tunneling 
between a QHE liquid and a quantum wire we will assume 
that the charge density is kept constant in 2DEG but can 
be controlled by the gate voltage in the one-dimensional 
wire. The Fermi-momentum kp in the quantum wire de- 
pends on the charge density and any change of kp results 
in an equal change of all Afc„. Thus, we will assume a 
setup with two 2DEG in the discussion of the voltage 
dependence of the tunneling current at fixed Ak n . The 
setup with a quantum wire will be assumed in the discus- 
sion of the dependence of the current on kp at a fixed low 
voltage. In all cases we will assume that the temperature 
is low. 

In our calculations we will use the Luttinger liquid 
model for the edge states^. It assumes a linear spectrum 
for each mode and neglects tunneling between different 
modes on the same edge. These assumptions are justi- 
fied in the regime of low energy and momentum. Thus, 
we expect that the results for the tunneling between two 
2DEG are only qualitatively valid at high voltage. 

Our main assumption is that both energy and momen- 
tum conserve in each tunneling event. This means that 
we neglect disorder at the edges. This assumption needs 
a clarification in the case of the disorder-dominated anti- 
Pfaffian state because its formation requires edge disor- 
der. We will assume that for that state only neutral 
modes couple to disorder and one can neglect disorder 
effects on the charged mode. For completeness, we in- 
clude a discussion of the momentum resolved tunneling 
into the non-equilibrated anti-Pfaffian state. However, 
a much simpler experiment is sufficient to detect that 
state. One just needs to measure the conductance of 
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FIG. 3: A bar geometry that can be used to detect the non- 
equilibrated anti-Pfaffian state. Solid lines denote Integer 
QHE edge modes, the dashed lines denote fractional QHE 
charged modes and dotted lines denote Majorana modes. Ar- 
rows show mode propagation directions. 



the 5/2-liquid in the bar geometry illustrated in Fig. [3] 
Indeed, in the non-equilibrated anti-Pfaffian state, disor- 
der is irrelevant. Each non-equilibrated edge has three 
charged Fermi-liquid modes propagating in one direction 
and another Luttinger-liquid charged mode (and a neu- 
tral mode) propagating in the opposite direction. In the 
bar geometry, the lower edge carries the current 3e 2 V/h. 
The upper charged mode carries the current e 2 V/ (2h) in 
the same direction. Hence, the total current is 7e 2 V/ (2h) 
and the conductance is 7/2 and not 5/2 conductance 
quanta. Our discussion assumes an ideal situation with 
no disorder. In a large system even weak disorder, ir- 
relevant in the renormalization group sense, might result 
in edge equilibration. Nevertheless, if the QHE bar is 
shorter than the equilibration length the nature of the 
state can be probed by the conductance measurement in 
the bar geometry. 

Before presenting the calculations we will discuss a 
qualitative picture. Unless otherwise specified we con- 
sider Ak n > 0. As seen from the calculations in the 
following section, the particle-hole symmetry for Lut- 
tinger liquids implies that the tunneling current at neg- 
ative Afc„ can be found from the relation itun(U, Afc) = 
— itun( — V, —Afc). We assume that tunneling is weak and 
hence only single electron tunneling matters. One can 
imagine two types of electron operators on the edge: one 
type of operators simply creates an electron in one of the 
integer or fractional channels. The second type of op- 
erators creates and destroys electrons in different edge 
channels of the same edge. Generally, operators of the 
second type are less relevant than operators of the first 
type and we will neglect them (see, however, a discussion 
in the Appendix for the case of reconstructed integer edge 
channels). An exception is the K = 8 state. Only elec- 
trons pairs can tunnel into the fractional K = 8 edge. 
As we will see in section VI, the most relevant single- 
electron operator transfers two electron charges into the 
fractional edge and removes one electron charge from a 
co-propagating integer edge. For simplicity of our quali- 
tative discussion, in this section we will disregard that op- 
erator and concentrate instead on the two-electron tun- 
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FIG. 4: Illustration of the graphical method, (a) Tunneling 
between two integer QHE modes. The left solid line repre- 
sents the electron spectrum at the upper edge at zero volt- 
age. The right solid line represents the spectrum at the lower 
edge. The dashed lines represent the electron spectra at the 
upper edge at different voltages. Black dots represent occu- 
pied states. The momentum mismatch between two edges 
Ak > 0. (b) Tunneling between an integer QHE edge and a 
Pfaffian edge. The right line represents the spectrum of the 
integer edge. The left line shows the spectrum of the charged 
boson mode at the Pfaffian edge. The unevenly dashed lines 
(A lines) represent Majorana fermions. The figure illustrates 
a tunneling event in which an electron with the momentum 
ko tunnels into the Pfaffian edge and creates a boson with the 
momentum k and a Majorana fermion with the momentum 
kg — k. 



neling operator into the fractional edge. Such operator 
is most relevant in the setup FigO 

We will use another simplifying assumption in this sec- 
tion: we will neglect interaction between different integer 
and fractional modes. This assumption is not crucial as 
discussed in section V and we make it solely for simplic- 
ity. We will find the total number of singularities both 
for strongly and weakly interacting edges. At the same 
time, the current can be found analytically in the case of 
weak interactions, Sec. VI. 



At the lower edge there are two edge modes for spin- 
up and -down electrons. At the upper edge there are 
two spin-up and -down integer modes and one or more 
modes corresponding to the v = 1/2 edge. Spin is con- 
served during the tunneling process. Thus, we have three 
contributions to the tunneling current: (A) tunneling be- 
tween the upper spin-down fractional edge modes and 
the lower spin-down integer edge mode; (B) tunneling 
between the upper spin-down integer edge mode and the 
lower spin-down integer edge mode; (C) tunneling be- 
tween the upper spin-up integer edge mode and the lower 
spin-up integer edge mode. We use only the lowest or- 
der perturbation approximation so these contributions 
are independent. Thus, the total tunneling current is 
^tun = itu n + /tun + ^tun- Contributions (B) and (C) are 
similar since the Zeeman energy is small compared to the 
Coulomb interaction under typical magnetic fields. Thus, 
we will only consider spin-down electrons below. 

All edge modes are chiral Luttinger liquids with the 
spectra of the form E = ±v a (k — kp a ), where ±w Q is 
the edge mode velocity, the sign reflects the propaga- 
tion direction. We will first consider case (B) (case (C) 
is identical), tunneling between two integer Fermi- liquid 
edge modes. Denote the upper edge velocity as v± and 
the lower edge velocity as v%. If an electron of momen- 
tum k from the upper edge tunnels into the lower edge 
or vice verse, energy and momentum conservation gives 

vi(k — fepi) — w = — V2(k— km), (8) 

where u> = —eV/H (in the rest of this paper, we will refer 
to both uj and V as the applied voltage). The tunneling 
happens only when (k — kFi){k — kp2) < 0, i.e., one of 
the two states is occupied and the other is not. Eq. (JSJ 
is easy to solve directly but a graphical approach is more 
transparent. Fig. HJa) shows the spectra in the energy- 
momentum space, where the left line describes the upper 
edge mode and the right line describes the lower edge 
mode, and the intersection point represents the solution 
of Eq. ([5]). The black dots represent occupied states. 
We see that when to = 0, both states at the intersec- 
tion point arc unoccupied, therefore no tunneling hap- 
pens. When uj increases, the left line moves down. For 
a small w, there is still no tunneling. After oj reaches 
the value of v\Ak = v\{kp2 — fcpi) and the state from 
the right line at the intersection point becomes occupied, 
an electron from the lower edge can tunnel into the up- 
per edge. This results in a positive contribution to the 
tunneling current. Since the tunneling happens only at 
the intersection point and the tunneling density of states 
(TDOS) is a constant in Fermi liquids, the current will 
remain constant for uj > mAk. For a negative u, the sit- 
uation is similar. Before w reaches the value — V2Ak, i.e., 
|cj| < V2Ak, no tunneling happens. When |w| > t^Afc, 
an electron from the upper edge can tunnel into the lower 
edge and a negative voltage-independent tunneling cur- 
rent results. Thus, the J^ n — V characteristics is a sum 
of two step functions, with two jumps at uj = — i^Afc 
and viAk. The positions of the two jumps provide the 
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information about the edge mode velocities. The differ- 
ential conductance G^ un is simply a combination of two 
S-i unctions of lo. 

This graphical method can also be used to analyze case 
(A). Consider the K = 8 state in the setup Fig. as the 
simplest example. For the K = 8 state, only electron 
pairs can tunnel through the junction since single elec- 
trons are gapped. This does not create much difference 
for the further analysis. It is convenient to use bosoniza- 
tion language for the description of the K = 8 edge. All 
elementary excitations are bosons with positive momenta 
fc — kF2 > and linear spectrum. Thus, the relation be- 
tween the momentum and energy remains the same as 
in the Fermi liquid case. Hence, the — V curve has 
singularities at lo = — i^Afc and lo = i^Afe, where 1)3 is 
the velocity at the K = 8 fractional edge. However, the 
current is no longer a constant above the thresholds be- 
cause of a different TDOS. We will see below that the 
current exhibits universal power-law dependence on the 
voltage bias near the thresholds. 

In the Pfaffian state, case (A) involves three modes: a 
charged boson mode 4> 3 and a neutral Majorana fermion 
mode A from the upper edge, and the Fermi-liquid mode 
from the lower edge. They have velocities V3, v\ and 
vi respectively. Any tunneling event involves creation 
of a Majorana fermion. The spectrum of the Majorana 
mode is linear: E = v\k > 0. The total energy and 
momentum of the three modes should be conserved. As 
usual, we denote the momentum mismatch between the 
upper and lower edges as Afc. Fig. 0Jb) demonstrates 
the graphical approach for the Pfaffian state. The left 
line represents the spectrum of the charged boson at the 
upper edge and the right line describes the spectrum of 
the lower edge. Consider a tunneling process such that 
an electron from the lower edge tunnels into the upper 
edge. This may happen at a positive applied voltage. In 
this process the electron emits a Majorana fermion and 
creates excitations of the charged boson mode at the up- 
per edge. The energy and momentum of the electron are 
the sums of the energies and momenta of the charged 
boson and Majorana modes. The unevenly dashed lines 
of slope v\ in Fig. HJb) represent the Majorana fermion. 
We will call them A-lincs. Different A-lincs start at dif- 
ferent occupied states on the right line and correspond 
to different momenta of the electron at the lower edge. 
One can visualize the tunneling process in the following 
way: an electron with the momentum fco from the right 
line slides along the A-line (emitting a Majorana fermion 
with the momentum fco — fc) and reaches the left line at 
k > fci?3 (otherwise the tunneling is not possible since 
the momentum change (fc — fc_F3) of the Bosc mode must 
be positive). Both energy and momentum are conserved 
in such picture. Because the Majorana fermion has a 
positive momentum the A-line points downward and left- 
ward. When lo is positive and small enough, all the states 
at the intersections of the left line with the A-lines have 
k < kp<3, thus, no tunneling happens. At lo = fAAfc, 
the highest A-line intersects the left line at fc = kp3, so 



the tunneling becomes possible and contributes a posi- 
tive current. Thus lo = v\Ak is the positive threshold 
voltage. When lo reaches ^Afc, the intersection point of 
the right and left lines corresponds to fc > fcF3 (an 'empty 
state') at the upper edge and a filled state at the lower 
edge. The tunneling process involving those two states 
and a zero-momentum Majorana fermion becomes possi- 
ble. This results in another singularity in the — V 
curve. For negative lo, it is expected that a Majorana 
fermion and an excitation of the charged boson mode 
combine into an electron and tunnel into the lower edge. 
The same analysis as above shows that there is no cur- 
rent when lo is negative and small. When lo = — t^Afc, 
the tunneling process involving a zero-momentum Majo- 
rana fermion becomes possible. Thus, lo = — i^Ak is the 
negative threshold voltage in the Ij™ n — V curve. We see 
three singularities in the tunneling current in agreement 
with the presence of three modes. 

For all other proposed fractional states, the graphical 
method also works but becomes more complicated, so 
we will not discuss them in detail here. The above dis- 
cussion, based only on the conservation of energy and 
momentum, confirms that singularities appear in the 
— V characteristics and they are closely related to 
the number and nature of the edge modes. In the fol- 
lowing section, we discuss the calculations based on the 
chiral Luttinger liquid theory. 

The calculations below involve the velocities of the 
charged and neutral edge modes. We generally expect 
charged modes to be faster. Indeed, in the chiral Lut- 
tinger liquid theory the kinetic energy and the Coulomb 
interaction enter in the same form, quadratic in the Bose- 
fields. Since the Coulomb contribution exists only for the 
charged mode, it is expected to have a greater velocity. 



IV. CALCULATION OF THE CURRENT 

We now calculate the tunneling current. In this section 
we derive a general expression, valid for all models. In 
the next two sections it will be applied to the six models 
discussed above. 

As mentioned above, to the lowest order of the per- 
turbation theory the tunneling current can be separated 
into three independent parts, / tU n = + + -'tun- 
The calculation of Is and Ic is essentially the same. So 
in the following, we will only consider I^ n and I t ^ n . 

We will use below the bosonization language which 
can be conveniently applied to all modes except Majo- 
rana fermions. Thus, we will not explicitly discuss Ma- 
jorana modes in this section. However, all results can be 
extended to the situation involving Majorana fermions 
without any difficulty. Indeed, in the lowest order of the 
perturbation theory only the two-point correlation func- 
tion of the Majorana fermion operators is needed. It is 
the same as for ordinary fermions and the case of ordi- 
nary fermions can be easily treated with bosonization. 
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We consider the Lagrangian density^ 

£ =£frac(*, a;) - -rd x <j>i(d t + i>A)0i 

47T 

- ^~d x (j)2{-dt + V 2 d x )(j)2 - %un, (9) 
47T 

with the tunneling Hamiltonian density 
H tu „ = Y.i^\{^lJ,x) +7B*|(*)*i(aO +H.c, 

n 

(10) 

where is the electron operator for the integer QHE 
mode of the upper edge, annihilate electrons at 

the 1/2-edge, VE^ is the electron operator at the lower 
edge; Bose-ficlds 4>j{x) (j = 1, 2) represent the right/left- 
moving integer edge modes of velocities v 3 - at the up- 
per/lower QHE liquid. The Bose-ficlds satisfy the com- 
mutation relation [(j>i(x),<f)j(x')] = iajirdijSigsi(x — x'), 
with a 1 = +1 and 02 = — 1- The Lagrangian density for 
the fractional QHE edge £f rac depends on the state and 
will be discussed in detail later. Eq. © does not include 
interaction between the inter and fractional QHE modes. 
Our analysis can be extended to include such interactions 
(section V). However, a full analytical calculation of the 
I — V curve (Sec. VI) is only possible, if it is legitimate 
to neglect such interactions. 

We assume that the line junction is infinitely long and 
the system is spatially uniform. As discussed above this 
restricts possible coordinate dependence of the tunneling 
amplitudes. It will be convenient for us to assume that 
72 and 73 arc independent of the coordinate and ab- 
sorb the factors exp(— iAk n x) into the electron creation 
and annihilation operators. The tunneling amplitudes 
are also assumed to be independent of the applied voltage 
V. In the tunneling Hamiltonian density (fTQ|). ^j(x) is 
the corresponding electron operator of the integer mode 
4>j{x) with tyj = e cr 3 l <l>j+ik Fd x ^ wriere fc F j represents the 
Fermi momentum. The corresponding electron density 
Pj = (d x (f>j + kp^j) /2tt. In the fractional edge, there may 
be several relevant electron operators ^% &c . In our calcu- 
lations, only the most relevant electron operators will be 
considered, in the sense of the renormalization group the- 
ory. Generally, tunneling between integer QHE modes is 
more relevant than tunneling into the fractional v = 1/2 
edge mode. However, as is clear from the above discus- 
sion, for weak interactions between integer and fractional 
modes, the tunneling conductance G^ un (uj) is just a com- 
bination of two ^-functions. Therefore, the shape of the 
voltage dependence of the total differential conductance 
Gtuii is determined by G^ un (ui). Thus, we focus on tun- 
neling into the fractional channel. In the case of strong 
interaction, the analysis of the present section has to be 
slightly modified (Sec. V). 

Since the upper and lower edges have different chem- 
ical potentials, it is convenient to switch to the inter- 
action representation with \I>g. ac — » v['£ ac e~ 4A11 */'\ *i -» 
ty ie -ii*it/h anc } q, 2 ^r 2e -V2t/ft wriC rc p x = eV and 
fi2 = 0. This introduces time-dependence into the tun- 
neling operators (cf. Ref. [HI). The electron operator 



x ^frac( 2 ') can be written in a bosonized form accord- 
ing to the chiral Luttinger liquid theory, ^f Iac (x) = 
e iT. I (h4>i+hk I ,, I x)^ Qr x( x )e l ^i {l ">" +llkF ' lX \ if a Majo- 
rana mode A(x) exists. 

In order to pay special attention to momentum mis- 
matches, we define 

nM = HAxY^ ilikF - ix - (11) 

Similar definitions are also made for the integer QHE 
modes, ^ 3 {x) = e lkF -i x ~& 3 (x). Thus, the density of the 
tunneling Hamiltonian can be rewritten in the interaction 
picture as 

n 

+ 7Be i; " t ~ ?;Afc21 ** 2 (x)*i(20 + H.c, (12) 

where Afc 2 1 / = &f,2 — X)/ hkFj, Afc 2 i = &f,2 — kp.i and 
w = (a*2 — Mi)/^ = —eV/h. It is worth to mention that in 
the K = 8 state, electron pairs and not electrons tunnel 
through the junction, thus in the first term of Eq. (fT2"l) lu 
should be doubled because the pair charge doubles, and 
^fj-ac and ^2 should be understood as bosonic operators 
that annihilate electron pairs. 

The operator for the tunneling current density is given 

by 

j(t,x) = e^- = ^r[p2(x),H tnn ], (13) 
at in 

where p 2 (x) is the electron density of the lower edge, 
and -fftun = fdx Htan(%) is the tunneling Hamiltonian. 
Expanding the commutator in Eq. (|13p we get 

n 

+ j B e lut " lAk2lX ^l{x)^ 1 (x) - H.c.}. (14) 

The current can now be calculated with the Keldysh 
technique. We assume that the tunneling was zero at 
t = —00 and then gradually turned on. Both edges were 
in their ground states at t = —00. At zero temperature, 
the current is given by the expression 

W<) = (0|S(-oo, t)IS(t, -oo)|0), (15) 

where (0| is the initial state, the operator I = J dxj(t, x) 
and 

S(t, -00) = Texp(-i j Hdt'/h) 
J —00 

is the evolution operator. To the lowest order in the 
tunneling amplitudes, the tunneling current reduces to 

W*) = -\f dxdx ' J dt'(0\[j(t,x),Htun(t',x')}\0). 

(16) 
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After a substitution of Eqs. (|T2j) and HU) into Eq. ([16]). 
we can compute the tunneling current since we know all 
the electron correlation functions from the chiral Lut- 
tinger liquid theory. 

In the lowest order perturbation theory the current 
does not contain any cross-terms, proportional to j A x 
(7^)* with i 7^ j, or 7^ x 7^ . There arc only contribu- 
tions proportional to \j\\ 2 or |7s| 2 . Thus, without loss of 
generality we can assume that only one of the tunneling 
amplitudes is nonzero and write 



H.c). (17) 



The operators ^f> a and Vl 7 ^ represent electron operators on 
two sides of the junction. For brevity, we have dropped 
subscripts of the momentum mismatch Ak and tunneling 
amplitude 7. Using Eq. (fT6|) . the tunneling current can 
be expressed as 



j+/ f iuj At — iAkAx 



C.C.) 



x [Go/9 (At, Ax) - G af3 {-At, -Ax)} (18) 

with At = t — t' , Ax = x — x' and 

G a p(At,Ax) 

= (0|*t( t)a .)* a (f ja /)^( tjX )*t( t / )iB /)| ) j (19) 

and we used the fact that (0|*^/g(i, x)^l a /p{t', x')\0) = 
(0\i& a /p(t, x)& a ,p{t', x')\Q) and the translational invari- 
ance for chiral Luttinger liquids. Eq. (|18[) can be simpli- 
fied as 



e| 7 | 2 



dydT(e^- lAk y-c.c.)G aP (T,y), (20) 



where L is the length of the junction. 

Let there be N right-moving and M left-moving modes 
in total at both edges. In the chiral Luttinger liquid 
theory a general expression for the correlation function 
is 



JV 



Gap(T,y)=l%l 



M 

n 



S + i(r - y/vm) 



gm 



J[ \ s + *( r + y/vLi) 



9Li 



(21) 



where vm and vn denote the velocities of the ith right- 
and left-moving modes, r c is the ultraviolet cutoff and Is 
is the magnetic length. This expression relies on the fact 
that the quadratic Luttinger liquid action can always be 
diagonalized and represented as the sum of the actions of 
non- interacting chiral modes. All the velocities VRijvn 
and scaling exponents gm/gLi depend on the details of 
the Hamiltonian and this dependence is discussed sepa- 
rately for each state in Sec. I VII We choose the conven- 
tion that vr\ < vr2 < ••• < vrn and vli < vl2 < ■ ■ • < 



(a): u) < vmAk 



(b): w > vmAk 





FIG. 5: A 3-dimensional illustration of the integration volume 
in the integral (I24|l . The integral (|24p is taken over the volume 
under the shaded surface in the positive orthant. In panel (a), 
uj < vmAk and the um axis intersects superplane E closer to 
the origin than the plane Q. In panel (b) u > VmAk and the 
order of the intersection points reverses. 



vlm- The scaling dimension of the tunneling operator 
*t ( t , x )§ ( t , x)isg = l/2(£i g Ri + g Li ). 
Using the Fourier transformation 



1 



19-1 



duj e 



-6(w), (22) 



{5 + ity ./_«, T(g) 
we integrate out r and y in Eq. (|20|) . Then we obtain 
2 T e\l\ 2 



[duiRiduiLi 



{s(u - e - E -^ Ak - E — + E — ) 

— (lj <-> —u, Ak o — Afc) j 



r(.gi?0 1L r(pz,i) 



where we absorbed the cutoff r c and the magnetic length 
Ib into the tunneling amplitude 7 for brevity. The two 
(^-functions represent the energy and momentum conser- 
vation. Integrating out ojri and ljli by using the two 
(5-functions we obtain our general expression for the tun- 
neling current, 



is& =a / [dojRidujLi]^ n i^i 9 " 1 " 1 n 1^ 

•'° i>2 i>2 



\9Li-l 



i>2 
UJR 



^-Ak-y^^-Y^k^- 1 



VRI 

VRI 
I- 

ui 



i>2 



i>2 



X0 t- Afc -E^-E^) 



t>2 V ^ 
URi 



i>2 



ULi IflBl-l 



i>2 ^1 



i>2 



tl 



X ( +A fc-E^-E^r) 

Uil t >2 W «l t>2 V ^ 



(lu o -w, Afc o -Ak), 



(24) 
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with 



A=-L 



47r 2 e|7|' 



,RR 



,RL 



ft 2 nr(3ffi)r(. 9Lj ) 

VRtVRl 



RL\gRi+g L i-l 



(25) 



VRi - Vr\ 
VRiV L1 



,LR 



VLiVLl 

VLi - V L \ 
VLiVRl 



, i>2, (26) 



i > 1. 



VRi 



VLI 



VLi 



VRI 



(27) 



Let us discuss the above expression in general before 
applying it to the six models. We first consider uj > 0. 
In that case only the first term in Eq. contributes 
to 

^tun- The integration is taken over the volume in the 
positive orthant of the (M + N — 2)-dimensional space 
spanned by {uj R i,ujLi}i>2 under both of the following 
superplanes 



E 



' \,L 

i>2 V H i>2 V ^ 

E UlRi y. UlLi 

1 ,RL / j a,LL 

i>2 t>2 V ^ 



UJ 
VRI 

UJ 
VLI 



Ak, 



Ak. 



(28) 
(29) 



If uj < VRiAk then the integration volume is and so 
is the tunneling current. The tunneling only appears 
when uj > v R \Ak, thus, we see that vr\ Ak is the positive 
threshold voltage. It is easy to see that the asymptotic 
behavior of the tunneling current at ui > VRiAk is 



TOC/3 



UJ 
VRI 



Ak 



(30) 



Now let us consider the w^i-intercepts of the two super- 
planes, T, Ri = (uj/vr! - Ak)v RR and Q Ri = {uj/v L i + 
Ak)v%_ L , i > 2. We find that 

^Ri < fire, when uj < v Ri Ak; 

^Ri > fifli, when uj > v Rl Ak. (31) 

Thus, when uj passes VRiAk, the shape of the (M+N— 2)- 
dimensional integration volume changes, as is illustrated 
in Fig. [5] for the 3D case. This volume change leads to 
a singularity in the /tun — V curve. The precise nature 
of the singularities depends on the model and will be 
discussed in the following section. For the w^-intercepts, 
Ylu = (uj/vri — Ak)vfl R is always smaller than fi^ = 
(uj/vli + Ak)vfl L , so no extra singularities emerge. Thus, 
we see that on the positive voltage branch, the tunneling 
current has N singularities in one to one correspondence 
with the right-moving modes. 

Similar behavior of l"^ n (uj) manifests itself when uj < 0, 
with singularities at uj = —vnAk. Thus, each mode 
contributes a singularity. 



V. THE NUMBER OF SINGULARITIES 

The analysis of the preceding section allows us to de- 
termine the numbers of the conductance singularities in 



each model for different setups. Below we consider the 
K = 8, 331, Pfaffian, edge-reconstructed Pfaffian and 
non-equilibrated anti-Pfaffian states. The special case of 
the disorder-dominated anti-Pfaffian state will be consid- 
ered in section [VI F[ 

We will need the information about the number of 
channels and most relevant tunneling operators. This 
information is discussed in detail in Sec. IVI1 Here we 
just summarize relevant facts. 

We first consider the edge between v = 5/2 and v = 2 
states, where only fractional modes exist. The K = 8 
fractional edge contains a single Bose mode. The 331 
edge has two bosonic modes. The Pfaffian edge contains 
a charged boson and a neutral Majorana fermion. The 
edge-reconstructed Pfaffain and non-equilibrated anti- 
Pfaffian states are characterized by two Bose modes and 
a Majorana fermion. 

The edge between v = 5/2 and v = regions has two 
additional integer QHE edge modes with opposite spin 
orientations. 

What operators are more relevant depends on the in- 
teraction strength as discussed in the next section (see 
Sec. IVIGp . Unless the interaction is very strong, the rel- 
ative importance of different tunneling operators is the 
same as in the absence of interaction of different edge 
modes. Below we will assume that the set of most rele- 
vant operators is the same as for non-interacting modes. 
Since we consider weak tunneling, only operators which 
transfer one electron charge will be included. We will 
have to consider 2-electron operators for the K = 8 edge 
between v = 5/2 and v = 2 regions and for the K = 8 
state in the setup Fig. [2] since single-electron tunneling 
is impossible in those cases. 

Thus, the choice of the most relevant tunneling opera- 
tor into the K = 8 fractional edge depends on the setup. 
For the setup Fig. [TJ the most relevant operator creates 
an electron pair on the fractional K = 8 edge and re- 
moves an electron from an integer edge channel with the 
same spin orientation. In the setup Fig. [21 the most 
relevant operator transfers an electron pair. 

In the 331 state there are two most relevant tunnel- 
ing operators in the fractional edge. In the bosoniza- 
tion language, both of them are products of exponents 
of Bose operators representing two edge channels. The 
only tunneling operator in the Pfaffian case is the prod- 
uct of a Bose-operator and a Majorana fermion cre- 
ation/annihilation operator. The reconstructed Pfaffian 
state has three most relevant tunneling operators. Two 
of them express via Bose-modes only. The third operator 
contains also a Majorana fermion. The most important 
tunneling operator for the non-equilibrated anti-Pfaffian 
state does not depend on the Majorana fermion. 

The above list takes into account only operators that 
transfer charge into fractional edge modes. In the setup 
Fig. [U two operators for the tunneling of spin-up and - 
down electrons to the integer edge modes must be added. 
Many more tunneling operators are possible if the integer 
modes on the edge undergo reconstruction. The recon- 
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TABLE I: The number of conductance singularities for different models in different setups. 





Boundary of v = 5/2 


Fig. ED 


Fig. [I] v 


= 1 instead of 2, 


Fig. rj 


State 


and 2 


strong interaction 


stron; 


y interaction 




K=8 


2 


15 




8 


3 


331 


6 


24 




15 


8 


Pfaffian 


3 


18 




10 


4 


Edge-reconstructed Pfaffian 


10 


61 




34 


13 


Non-equilibrated anti-Pfaffian 


3 


18 




10 


4 



struction effects are discussed in the Appendix. 

Each tunneling operator contributes two or more sin- 
gularities into the total conductance. As is clear from 
the preceding section, the number of the singularities co- 
incides with the number of Bose-modes in the expres- 
sion for the operator. If the operator contains a Majo- 
rana fcrmion there is an additional singularity. These 
conclusions are based on the form of the Green function 
([21~| . As discussed in the previous section, the expression 
(f2"Tj) can be obtained by diagonalizing the Luttinger liq- 
uid Hamiltonian for interacting edge modes. Hence, the 
number of Bose-modes in the relevant tunneling operator 
depends on the details of inter-mode interactions. If all 
modes interact strongly then after diagonalization each 
tunneling operator contains the same number of Bose 
modes; this number equals the total number of Bosc- 
channels including all integer QHE channels. If, on the 
other hand, the interaction between fractional modes and 
different integer modes is negligible then the operators of 
tunneling into the integer edge modes contain only in- 
formation about the integer edge channels; the tunneling 
operators into the fractional modes are independent of 
the two integer modes on the 5/2 edge. 

We are now in the position to count the singularities 
in different setups. The results are summarized in Table 

m 

Let us first consider tunneling from a single spin- 
down channel ('spectator' mode) into a boundary be- 
tween v — 5/2 and v — 2 states (cf. Ref. [H for the 
Pfaffian and non-equilibrated anti-Pfaffian states) . There 
are only two modes (the K = 8 mode and the 'specta- 
tor' mode). Hence, there are 2 singularties. For the 331 
state, there are 3 modes and 2 tunneling operators. The 
number of the singularities 2x3 = 6. The Pfaffian state 
is characterized by three modes and one tunneling oper- 
ator. There are 3 singularities. The reconstructed Pfaf- 
fian state has one Majorana mode, two Bose modes plus a 
'spectator' Bose mode. One tunneling operator expresses 
in terms of all four modes. The other two tunneling oper- 
ators do not contain a Majorana operator. Thus, we find 
2x3 + 4 = 10 singularities. Finally, the most relevant 
operator for the non-cquilibratcd anti-Pfaffian state does 
not depend on the Majorana fcrmion. The remaining 
three modes result in 3 singularities. 

Let us now turn to the setup Fig. [2J We assume strong 
interaction between all modes. For the K = 8 state, we 



get (1 operator) x (3 modes) = 3 singularities; for the 
331 state, we get 2x4 = 8 singularities; for the Pfaffian 
state, the number of the singularities is 1 x 4 = 4; for 
the reconstructed Pfaffian state we find 2x4 + 5 = 13 
singularities; the non-equilibrated anti-Pfaffian state is 
characterized by 1 x 4 = 4 singularities. 

Next, we consider the setup Fig. [T] We first assume 
that there is no interaction between integer and frac- 
tional modes. With the exception of the K = 8 state 
the number of the singularities due to the tunneling into 
fractional edge channels remains the same as for the tun- 
neling into the edge between v = 5/2 and 2. One has, 
however, to add 4 more singularities due to the tunnel- 
ing of spin-up and -down electrons into two integer edge 
channels. Tunneling into the K — 8 fractional edge is de- 
scribed by an operator which expresses in terms of three 
Bose modes. Thus, the total number of the singularities 
for the K = 8 state becomes 3 + 4 = 7. 

In the case of strong interaction in the same setup Fig. 
CTJ the number of singularities increases. There are two 
types of single-electron tunneling operators: tunneling 
into integer and fractional QHE modes. The first group 
includes more relevant operators^, cf. Sec. VI. There 
are two operators in that group: one for spin-up and 
one for spin-down electrons. Each of them is responsible 
for N singularities, where N is the total number of Bose 
modes (including 2 'spectator' modes on the lower edge). 
We will call those singularities 'strong'. Thus, we have 
2x5 = 10 strong singularities for the K = 8 state; 2x6 = 
12 strong singularities for the 331 state; 2 x 5 = 10 strong 
singularities for the Pfaffian state; 2 x 6 = 12 strong 
singularities for the edge-reconstructed Pfaffian state and 
2 x 6 = 12 strong singularities for the non-equilibrated 
anti-Pfaffian state. 

Clearly, these numbers alone are not enough to dis- 
tinguish the states. Additional information comes from 
transport singularities due to the next most relevant tun- 
neling operators. They arc responsible for additional 
'weak' singularities. In the K = 8, 331 and non- 
equilibrated anti-Pfaffian states such operators describe 
tunneling into the fractional modes. Those next most 
relevant operator were discussed above (see also section 
VI) and do not contain Majorana fermions. Let us find 
the total number of 'weak' and 'strong' singularities. In 
the K = 8 state we get 10 + 1 x 5 = 15 singularities; 
in the 331 state the answer is 12 + 2 x 6 = 24; and 
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in the non-equilibrated anti-Pfaffian state the answer is 
12 + 1 x 6 = 18. 

The situation is more complicated in the Pfaffian and 
edge-reconstructed Pfaffian states. Just like in the pre- 
vious three cases we need to take into account tunneling 
into the fractional edge. This adds 1 x (5 + 1) = 6 'weak' 
singularities in the Pfaffian case and 2x6 + 7= 19 'weak' 
singularities for the edge reconstructed state. There are, 
however, several additional 'weak' singularities for both 
states. They emerge from tunneling into integer edge 
channels. 

To understand their origin, we need to have a look at 
the scaling dimensions of the tunneling operators. In- 
teraction between co-propagating modes has no effect on 
scaling dimensions of the operators^. Interaction be- 
tween counter-propagating modes may change scaling di- 
mensions. Below we will assume that either 1) all Bose 
modes are co-propagating or 2) the upper and lower edges 
in Fig. la) are counter-propagating but the interaction 
between the two edges is weak. Thus, we will use the 
same scaling dimensions as for non-interacting modes. 

The most relevant operators T , describing tunneling 
into integer edge channels, have scaling dimension 1, Ref. 
|47| . The next most relevant operators, describing tunnel- 
ing into the fractional edge have dimension 2 for both 
models, Ref. 0. This allows us to calculate how the 
current scales at low voltages V, Ref. S3. We take 
the square of the renormalized amplitude of the tunnel- 
ing operator at the energy scale V. The renormalized 
amplitude is ~ V 2d , where d is the scaling dimension. 
Then we divide it by V 2 to reflect the integration over 
time and coordinate in the expression for the current Eq. 
(|20| . The contribution of the most relevant operators 
I y2xi-2 _ yo anc j |_ ne contribution of the next most 
relevant operators / ~ y2x2-2 _ y2 j n a g reemen t with 
Section VI. 

Now let us consider operators which describe the in- 
teraction of the Majorana mode A and an integer QHE 
Bose-mode cf>. The conservation of the topological charge 
excludes operators, linear in A. Taking into account that 
A 2 = 1 and that </> can enter only in the form of a deriva- 
tive, we find the most relevant interaction term in the 
action: Q = J dxdt\d x \d x 4>, where x is the coordinate 
along the edge. The scaling dimension of the operator Q 
equals 1. In order to understand the effect of Q on low- 
energy transport, let us perform a renormalization group 
procedure. It should stop at the energy scale E ~ eV. 
At that scale, different contributions to the current can 
be obtained from the squares of the renormalized ampli- 
tudes of the contributions to the action describing differ- 
ent tunneling processes (since the action contains inte- 
grations over t and x, we will also need to multiply by V 2 
to reflect rescaling, cf. Ref. Eij ). At the scale eV the op- 
erator Q is suppressed by the prefactor c ~ eV/A, where 
A is the energy gap. The prefactor reflects the scaling 
dimension of the operator Q. Thus, the renormalized ac- 
tion contains the term cQ. Similarly, the contribution 
to the action, proportional to To, acquires a prefactor, 



proportional to 1/V . 

The renormalization group flow generates numerous 
operators. In particular, the operator T\ = ToXd x X is 
generated from To and Q. As is clear from the above anal- 
ysis, it enters the action with the prefactor ~ c/V ~ 1. 
Hence, its contribution to the current scales as V 2 and 
has the same order of magnitude as for the operators de- 
scribing tunneling into fractional edges. This contribu- 
tion to the current is singular whenever eV/h = —Akvi, 
where Ak is the momentum mismatch between the inte- 
ger QHE mode and the 'spectator' mode and vi denote 
edge mode speeds. The strong singularities due to the 
operator T occur at the same voltages. However, T 
does not contain Majorana fermions and hence Tq does 
not generate a singularity at eV/h = —AkvM, where Vm 
is the speed of the Majorana fermion. On the other hand, 
Ti contains a Majorana fermion and hence is responsible 
for an additional 'weak' singularity at eV/h = —AkvM- 
Since there are two integer edge modes, we discover two 
additional 'weak' singularities. 

The above argument completes our discussion of the 
Pfaffian state. In the edge-reconstructed Pfaffian state 
there is another mechanism for additional 'weak' singu- 
larities. The quadratic part of the action of the fractional 
edge channels in that state is given by Eq. (|4"7) . Let us 
consider the following four tunneling operators: 

2f/4.,± = V ) d,tA^ !t /.|Aexp(±«>„), ( 32 ) 

where ipu/d.^/l are annihilation operators for spin- 
up/down (j" / 1) electrons on the upper (u) and lower 
(d) edges. A is the Majorana fermion, <p n the bosonic 
neutral mode. The operator T describes electron tunnel- 
ing between lower and upper integer edge modes. The 
combination T' = Acxp(±i0„) describes charge redistri- 
bution between different fractional modes. As is clear 
from the expressions under Eq. (|47|) . T" is a product of 
annihilation and creation operators for electrons in frac- 
tional channels. The scaling dimension of the operators 
T is the same as for the operators describing tunneling 
into fractional edge modes. Since we have 4 operators 
and 7 modes, we get 28 additional 'weak' singularities. 

The total number of 'weak' and 'strong' singularities 
is summarized in Table [IJ 

A very similar analysis applies to the tunneling be- 
tween v = 5/2 and v = 1 states. The results are shown 
in Table [U 

We focused above only on the number of the singular- 
ities due to Majorana-fermion and single-Boson excita- 
tions at uj = viAk n . All 'strong' singularities must be 
in this class. All singularities due to the tunneling into 
fractional edge modes must also be in this class. We 
were not able to exclude additional 'weak' singularities 
at lo — u/Afcjntcgorj where Afci n t ogor is the momentum 
mismatch for integer modes and ui is the speed of a col- 
lective excitation. Such singularities might be found if 
one takes into account contributions to the action, cubic 
in Bose-fields. If such additional weak singularities are 



12 



present it will be easy to separate them from the rest of 
the singularities. Indeed, the ratios of all u; for bosonic 
modes can be found from the positions of 'strong' singu- 
larities. Comparison with the positions of 'weak' singu- 
larities allows then extracting the ratios of all momentum 
mismatches Ak m and the speed of the Majorana fermion. 
After that it is straightforward to check if any singular- 
ities due to collective excitations of bosonic modes are 
present. 

The total number of singularities is the same for the 
Pfaffian and edge-reconstructed Pfaffian states. However, 
the number of strong singularities is different for those 
models in the setup Fig. [1] with strong inter-mode in- 
teractions. Thus, the models can be distinguished just 
from the number of the singularities in that setup. At 
the same time, that number is greater than in other se- 
tups and thus requires higher resolution for its detection. 
The number of the singularities alone is not enough to 
distinguish different models in other setups. One also 
needs information about the nature of the singularities 
(divergence, cusp or discontinuity of the conductance). 
The next section discusses the nature of the singularities 
for the setup Fig. [T]with weak interactions and the setup 
from Ref. |38|. 



VI. I-V CURVES 

In this section we study the setup Fig. [T] and focus on 
the regime of weak interaction with integer QHE modes. 
More specifically, we neglect interactions of fractional 
modes with integer modes (including 'spectator' modes 
on the lower edge) and the interaction among different 
integer modes. Our calculations also apply to the setup 
Ref. [H, i.e., tunneling into an edge between v = 2 and 
v = 5/2 states. In contrast to other cases, the I — V 
can be analytically computed in the regimes, considered 
below. 



K = 8 state 




-3 -2-10 1 2(0/<B» -2-10 1 2Ak/Ak. 

FIG. 6: (a) Voltage dependence of the differential conduc- 
tance in the K = 8 state at a fixed momentum mismatch Ak 
in the case of tunneling into the edge between the states with 
v — 5/2 and v = 2. Voltage is shown in units of uo = viAk, 
and the conductance is shown in arbitrary units, (b) Momen- 
tum mismatch dependence of G^ n at a fixed voltage. Afco = 
lo/v2- For both curves, we set V3/V2 = 0.8. 



(^-functions. The two singularities, positive and negative 
thresholds, appear at u = viAk 2 i and — v 2 Ak 2 \. 

In the following subsections, we will discuss and 
G^ un as functions of both voltage u and momentum mis- 
match Ak for six proposed fractional QHE states. 



B. K = 8 state 

We distinguish two situations: tunneling into an edge 
between v = 2 and v = 5/2 states and tunneling into 
a 5/2 edge with both integer and fractional modes. We 
need to distinguish those regimes since they are charac- 
terized by different most relevant operators, transfcring 
charge into the fractional K = 8 mode. 



A. Tunneling into integer edge modes. 

Now using the general expression, Eq. (|24|) . we discuss 
the properties of the tunneling current I tun and conduc- 
tance Gtun m detail. First, let us consider the simplest 
case, tunneling between two integer edge modes. Follow- 
ing Eq. (|24l) . it is easy to derive that 

j B _ L ^ 2 d\lB\ 2 VlV2 

tun h 2 (vi + v 2 ) 

x [0(w - wiAfcai) - 0(-w - v 2 Ak 21 )}. (33) 

where v\ and v 2 are velocities of the upper and lower 
edge modes respectively, Ak 2 i is the momentum mis- 
match between the two modes. As expected from the 
qualitative picture, is indeed a combination of two 
step functions and so G^ un is just a combination of two 



1. Boundary between v = 2 and v = 5/2 states 

In the fractional edge of the K = 8 stated, there is one 
right- moving boson mode </>3 with the Lagrangian density 

£frac = -—d x <fa(<h + V 3 d x )(f) 3 . (34) 

Only electron pairs arc allowed to tunnel into the edge. 
The electron pair annihilation operator is ^>f rac = e 1 ^ 3 , 
and the charge density pf rac = edxfa/Tt. The pair cor- 
relation function is (0|§J rac (i, x)§ frac (0, 0)|0) = 1/[S + 
i(t — X/V3)] 8 , i.e., the scaling exponent g% — 8. In the 
integer edge, the operator ^2, Eq. (fTU|) . should also 
be understood as the pair annihilation operator with 
(0|*5(t,ar)* 2 (0 I 0)|0) = 1/[S + i{t + x/v 2 )} 4 and g 2 = 4. 
Substituting the scaling exponents and edge velocities 
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into Eq. f|24[) . we obtain 



T 87T 2 e|7 A | 2 , V2V3 3 
(— + Afc 2/ ) 7 [<9(w - v 3 Ak 2f ) - 0(-w - v 2 Afc 2/ )l , 

W 2 L J 

(35) 



Just like in the case of the tunneling current I^ n be- 
tween two integer QHE edges, there are two threshold 
voltages, the positive threshold w — v 3 Ak 2 f and the neg- 
ative one ui = — v 2 Ak 2 f. However, in contrast to I^ n , 
the tunneling current increases smoothly as the volt- 
age passes the thresholds. At u > v 3 Ak 2 f, the tunnel- 

(ui — v 3 Ak 2 f) 3 , and at 



ing current I^ n behaves as 
I A 

1 tun 



uj < -v 2 Ak 2f , ~ (u> + v 2 Ak 2f ) 7 . Thus follows 
power laws near the thresholds. The exponents in the 
scaling laws for the current near the thresholds provide 
information about states. However, inter-edge Coulomb 
interactions may change these exponents and make them 
non-universal. When \ui\ ^> v 2 Ak 2 f and v 3 Ak 2 f, I( x 



will asymptotically behave like 



,10 



for both positive 



and negative voltages. We plotted the differential con- 
ductance G^ un — dl^Jduj as a function of u at fixed 
Ak 2 f, and a function of Afc 2 / at fixed uj in Fig. [6l 



2. Boundary between v = 5/2 and v — 



The action remains the same, Eq. (|34|) . However, an 
electron tunneling operator e * 8< ^ 3 ~ l ^ 1+ ^ 2 is present and is 
more relevant then the pair tunneling operator e zS <f>3+^<p2 ; 
considered above. It transfers only one electron into the 
5/2 edge. Two electrons go into the fractional K = 8 
channel and one electron is removed from the spin-up 
integer channel on the 5/2 edge. 

Our calculations give 



r 47r 2 e| 7 | 2 

I = - L ^sT Vl2 

-v% 3 (u/v 2 + Ak) 8 , uj < ~v 2 Ak 



x < 



0, -v 2 Ak <ui < viAk 

v 8 3 (uj / vi - Ak) 8 , viAk<ui<v 3 Ak 
. v 8 3 {uj/v 2 + Ak) 8 , uj > v 3 Ak 



331 state 



(a) 0<g 4 <1 




Ak/Ako 



4 15 

1d S io 
5 




-2 -1 
(e) 2<g 4 <3 



2 co/(o» -1 
4 15, < f ) 2 <94<3 
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FIG. 7: Voltage and momentum mismatch dependence of the 
tunneling differential conductance i n the 331 state; u is 

either a or b. We have chosen the ratios of the edge velocities 
to be V3/V2 — 0.8 and V4/V2 = 1.2. The left three panels 
show the voltage dependence of G tu '„ at a fixed momentum 
mismatch Ak for 3 cases of different scaling exponent ranges: 
(a) < gi < 1; (c) 1 < 34 < 2; (e) 2 < g 4 < 3; we set # 4 = 0.5, 
1.5 and 2.5 respectively in the plots. Voltage is shown in units 
of ujo = V2Ak. Panels (b), (d) and (f) show the same three 
cases for the momentum mismatch dependence of G tl ^ at a 
fixed uj with the momentum expressed in units of Ako = uj /vi . 
The differential conductance is shown in arbitrary units. 



When vi > v 3 the tunneling current is 
4^ 2 e| 7 | 2 8 

hun = -L ^ 2g! V 23 V 13 

-[(uj/v 3 -Ak) 8 

-vf 2 /v2 3 (u)/vi - Ak) 8 }, uj < -v 2 Ak 

0, -v 2 Ak < uj < v 3 Ak 

(uj/v 3 - Ak) 8 , v 3 Ak < uj < viAk 



x < 



(u/va - Ak) 8 
-vl 2 /vlz{u)/v-i - Ak) 8 , uj > vxAk 



(36) 



(37) 



where v 12 = viV 2 /(v\ + v 2 ), vi 3 = W1U3/IW3 — Vi\ and 
v 23 = v 2 v 3 /(v 2 + v 3 ). Here we assume v 3 > v±. 



In both cases three singularities arc found. 
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331 state 



have the form 



The 331 stated has the edge Lagrangian density 



£frac = - ~T {3d t <f)3dx4>3 ~ 2d t (j) 3 d x <f) 4 - 2<9 t 04<9 x 3 
47T 

+ 4d t (j)4d x (j)4 + ^2 V mn d x cf) m d x ^ n ). (38) 

m,n— 3,4 



Both modes 03 and 04 are right-moving, and the real 
symmetric matrix V represents intra-edge interactions. 
There are two most relevant electron operators in this 



model, *g. s 



J3tf>3 



-'204 and 



e #3+i204_ Before 
applying Eq. (124ft to the calculation of the tunneling cur- 
rent, one needs to compute the correlation functions of 
^frac an< ^ *frac- Since the Lagrangian density £f rac is 
quadratic, we can rewrite it in terms of two decoupled 
fields 3 and 04, such that 



£fra 



-in 



^ d x 4> n (d t + v n d x )d x 



(39) 



n=3,4 



03 and 04 are linear combinations of 03 and 04, with 
(O|0„(x,i)0„(O,O)|O) = -]n[S + i(t + x/v n )], where the 
velocities are 



1 



= ^( 4V 33 + 4V34 + 3V44 



T V0+^) x |4V 33 + 4T/ 34 - V44 1 ) , (40) 



and x = 2^/2{V 44 + 2y 34 )/(4^33 + 4F 34 - ^44) is an in- 
teraction parameter. Note that v 3 is smaller than 114. It 
is easy to prove that both 1)3 and v 4 are positive, so 03 
and 04 are right-moving. In the limit of strong interac- 
tion, (V34) 2 — > V33V44, v 3 approaches 0. The two-point 
correlation functions of those operators can be expressed 



<o|^lc(M)*Lc(o,o)|o) 

= (41) 

[S + i{t~x/v 3 )}^[S + i(t-x/v 4 )}S4 , 

where u — a,b and the scaling exponents 

# 4 = I T ^^=psign(4V 3 3 + 4F 3 4 - ^ 44 ); (42) 

the sign factors a a = +1, = — 1. It is worth to notice 
that the sum of g 3 and g 4 is always 3. 

There are two tunneling operators in the action. They 
are proportional to ^f rac and ^f rac - These tunneling op- 
erators are responsible for two contributions to the cur- 
rent. Based on Eq. (|4"Tj) and Eq. (|24p . both contributions 



x < 



T A,u T 47r 2 e|7A| 2 g4 g3 ,uJ . - 2 

5(1,54,53), W > V 4 Ak 2 f 

Bi Zt'/Z+^ 'S*,!*), v 3 Ak 2f <uj<v 4 Ak 2f 

0, ~v 2 Ak 2 f < uj < v 3 Ak 2 j 

-^(1,54,53), uj<-v 2 Ak 2f , 

(43) 

where u = a or 6. We omitted the index u in the 
scaling exponents 53 and 54, in the tunneling ampli- 
tude j a, and in the momentum mismatch Ak 2 f in 
Eq. (|4*5|) . B(z,g 4 ,g 3 ) is the incomplete Beta function, 
«23 = v 2 v 3 /(v 2 + v 3 ), v 24 = v 2 v 4 /(v 2 + v 4 ) and v 34 = 
v 3 v 4 j{v 4 - v 3 ). 

Consider any of the two contributions or 
Eq. (|43j) . We see expected singularities marked by the 
edge velocities, with two singularities on the positive 
voltage side and one on the negative voltage side. The 
incomplete Beta function B(z, g 4 , g 3 ) has the following 
asymptotic behaviors 

(44) 

(1 - z) 93 + const, z ~ 1 

Thus, when uj > v 3 Ak 2 f, the differential conductance 

^tun ~ ( W A'3 — Afc2/) 94 ^ 1 is singular at u = v 3 Ak 2 f, if 
54 < 1. Hence, the differential conductance diverges near 
the threshold. Similarly, is singular at ui = v 4 Ak 2 f, 

if 53 < 1, i.e., 54 > 2. Hence, the shape of the G tu '" ~ uj 
is quite different at different values of 53 and 54, i.e., 
different interaction strengths x. Fig.[7]shows the depen- 
dence of G^,'" on uj and Ak 2 f in 3 different cases: 54 < 1, 
1 < 54 < 2 and 54 > 2. The total differential conduc- 



tance G{ 



G 



A,a 



G tu '^ has two sets of singularities 



originating from the two individual contributions to the 
current. The shape of the curve of G^ un (uj) depends on 
the relative values of 7^ v.s. j A , Ak^f v.s. Ak^f, and 54 
v.s. 54. Thus, momentum-resolved tunneling allows one 
to extract considerable information about the details of 
the edge theory. 



D. PfafHan state 

The Pfaffian state has the edge Lagrangian density 2 
£f rac = ~T~d x (j) 3 (d t + v 3 d x )(j) 3 + iX(d t + v x d x )\ (45) 

47T 

where 03 is the right-moving charged boson mode and A 
is the neutral Majorana fermion mode. The most relevant 
electron operator is ^frac = Aexp(i203). Its correlation 
function G = l/[(S + i(t — x/v 3 )) 2 (5 + i(t — x/v\))\ equals 
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Pfaffian state 




(b) 



2 oVtOo 




-1 



2 Ak/Ako 



FIG. 8: (a) Voltage dependence of the tunneling differential 
conductance G^ n in the Pfaffian state. The reference voltage 
cjo = V2Ak. (b) Momentum mismatch dependence of GtJm 
in the Pfaffian state. The reference momentum Ako = w/v2- 
We set the edge velocity ratios, V3/V2 = 1.2 and v\/v2 = 0.5. 
is shown in arbitrary units. 



the product of the correlation function of the Majorana 
fcrmion and the correlation function of the exponent of 
the Bose-field. The velocity of the charged mode exceeds 
the Majorana fermion velocity, v\ < 1)3. A straightfor- 
ward application of the results of the previous section 
yields the tunneling current 

Hun - ~ L ^2 V2X 

' v% 3 (uj/v2 + A/c 2 /) 2 , w > v 3 Ak 2 f 

v% x (uj/vx - Afc 2 /) 2 , v\Ak 2 f < lo < v 3 Ak 2f 

0, ~v 2 Ak 2f < to < v\Ak 2 f 

-v 2 3 (u>/v 2 + Ak 2f ) 2 , 10 < -v 2 Ak 2f 



x < 



(46) 

where v 2X = v x v 2 /(v 2 + V\), v 23 = v 2 v 3 /(v 3 + v 2 ) and 
i'3A = v 3 v\/{v 3 —V\). Singularities appear again, two of 
them on the positive voltage side and one on the negative 
voltage side, quite similar to the results for the 331 state. 
However, the Pfaffian state can be distinguished from 
the 331 state by a different total number of singularities 
(Table (TTJ) and the appearance of a discontinuity for Gf un 
at ui = v 3 Ak (sec Fig. [8]). On the negative voltage side, 
G^ un behaves in the same way as in the 331 state, i.e., it 
is a linear function of to. 



to consider three tunneling operators, proportional to 
these three electron operators. As discussed in the pre- 
vious section they generate three independent contribu- 
tions to the tunneling current I^ D - We first discuss the 
current contributions which originate from the tunnel- 
ing terms containing ^i ac - For these two contributions, 
the situation is quite similar to the 331 state because the 
Majorana fermion does not enter the operators ^i ac - We 
diagonalize the bosonic part of the effective action ([47)) 
into the form of Eq. (|3"5|) . This requires a transforma- 
tion from the original fields {<p C i4>n} to two free fields 
{^3, ^4} with velocities {v 3 ,Vi} respectively. Then the 
two-point correlation function (0|*^(ar, t)^f rac (, 0, 0)|0) 



can be calculated as we did for 331 state. With Eq. (|24|) 
we then obtain the same form of the tunneling current 
ij^if as in Eq. (|43|) . but with different tunneling ampli- 
tudes, momentum mismatches, edge velocities and scal- 
ing exponents. The edge velocities are 



V3,4 = -^(v c + v n ^ (v c ~ v n )\/l + 2x 2 ) , 



and scaling exponents are 
3 



1 + 4(72 



53,4 



2 T 2\/r 



2x 



2' 



(48) 



(49) 



where a = +1 for the case of ^f^ ac and a 
"FZ ; the interaction parameter x - 



— 1 for 
/(v c - v n ). It is 
assumed that (v c — v n ) is positive. Indeed, we expect the 
charged mode to be faster than the neutral mode. Thus, 
for repulsive interactions x is always positive. Similar 
to the 331 state, different values of x give significantly 
different shapes of the G tn ^ curve, e.g., divergence may 
appear for certain values of x. All three cases discussed 
in the subsection on the 331 state could also emerge in 
the edge-reconstructed Pfaffian state. 

Now let us turn to the tunneling operator, proportional 
to 'Ffrac- In this case all four modes participate in the 
tunneling process. The correlation function of the field 
^frac ^ S t ne product of the correlation function of two 
Majorana fermions and the Bose part. The correlation 
function for Majorana fermions is the same as for ordi- 
nary fermions, 1/[S + i(t + x/v\)]. The Bose part has the 
same structure as in Eq. (|4Tj) with the scaling exponents 



E. Reconstructed Pfaffian state 

The reconstructed Pfaffian stated has the Lagrangian 
density 



93A 



it 



1 



VI + 2x 2 ' 



(50) 



where different signs correspond to indices 3 and 4. 
Again, by using Eq. (|24|) we obtain the following con- 
tribution to the tunneling current: 



£frac = - t~ [2d x (j) c (dt + v c d x )4> c + d x (j) n (d t + v n d x )<j> n 

4-7T 

+ 2v nc d<j> c <t> n ]+i\(d t -v x d x )\, (47) 

where <f> c is a charged mode and <p n is a neutral mode. 
There are three most relevant electron operators l F^ ac = 
cxp(i20 c ± i<j> n ) and = Xexp(i2<j) c ). Thus, we need 



T A,\ _ j 



A 12 



ft 2 r( 53 + i)r( 54 ) 



v 2X sign(w) 



<Mx(^ + Afc 2 A / ) 2 J B(/( w ),. 94 ,. 93 + 1) 

- + Ak$ f ) 2 B(g(cj),g 4 ,g 3 + 1)1 , (51) 

v 2 1 J 
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Reconstructed Pfaffian state 

(a) (b) 



Non-equilibrated Anti-Pfaffian state 
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FIG. 9: The differential conductance G tu ' n in the edge- 
reconstructed Pfafhan state. Panels (a) and (b) show the 
voltage and momentum mismatch dependence of G tu ' n (in ar- 
bitrary units) respectively. The reference voltage luq = V2Ak 
and the reference momentum mismatch Afco = uj/vz. We 
have set V\/v2 = 0.5, V3/V2 = 0.8, V4/V2 = 1.2 and the scal- 
ing exponent 34 = 1.5 



where 



and 



' (u/u 3 -Afc^)t) 3 4 u 

(u/v x +Ak* f )v ix ' V3 Akf f 



< V4 



1, 

0, 



A/,- 



2/ 



< — v\ or > V4 (52) 
< "3 



Ak> 



f (Ul/V3-Ak* f )v 3 4, 

(u/V2+Ak$ f )V24. ' 3 AfcJ 



I- 

0. 



< 



-v 2 < 



A A- 



■ < 1>4 

^2 or > V4 (53) 

< «3 



The dependence of G tu '^ on the voltage w and momentum 
mismatch Afcj/ is illustrated in Fig. [SJ There are no di- 
vergencies for any . All singularities appear as voltage 
thresholds or discontinuities of the derivative of G^ un (w). 
The Majorana fermion mode is responsible for the nega- 
tive voltage threshold (we assume that the Majorana is 
slower than the integer QHE mode at the opposite side 
of the junction). 

Thus, in the edge reconstructed Pfaffian state, three 
sets of singularities can be observed. Each set corre- 
sponds to one of the three most relevant electron opera- 
tors. One set contains more singularities than the other 
two. That extra singularity is due to the neutral Majo- 
rana fermion mode. 



F. Disorder-dominated anti-Pfaffian state 

The very name of this state shows that the momentum- 
resolved tunneling can only have limited utility in this 
case. Indeed, momentum conservation assumes that dis- 
order can be neglected and this assumption fails for the 
state under consideration^. In the disorder-dominated 
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FIG. 10: Differential conductance G tun in the non- 
equilibrated anti-Pfaffian edge state. All left panels show the 
voltage dependence of G^ n and right panels show the mo- 
mentum mismatch dependence of G^ n , at different choices 
of V3/V2 and #3 +34. In the top four panels, we have cho- 
sen V3/V2 = 0.7, and in the bottom four panels V3/V2 = 1.5. 
V4/V2 = 1.2 for all cases. In panels (a), (b), (e) and (f), il- 
lustrating the < gs + 54 < 2 cases, we set g$ + 54 = 1.5. 
In panels (c), (d), (g) and (h), illustrating the (73 + #4 > 2 
cases, we set gs, + gi — 2.5. The reference voltage uio — t^Afc 
and the reference momentum mismatch Afco = w/v2- G^, n is 
shown in arbitrary units. 



anti-Pfaffian state, the amplitudes of the electron tunnel- 
ing operators are expected to be random. Thus, one ex- 
pects that interference between different tunneling sites 
is irrelevant for the total tunneling current since the dis- 
order average of the product of two tunneling amplitudes 
from two different points is zero. Hence, the leading con- 
tribution to the current is the same as for the tunneling 
through a single quantum point contact. Nevertheless, 
momentum resolved tunneling might be possible for elec- 
tron pairs. This happens, if disorder only couples to neu- 
tral modes and does not affect the charged mode. As we 
see below, the momentum resolved tunneling current of 
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pairs is the same as for the K = 8 state (Sec. VI B 1). 

In the disorder-dominated anti-Pfaffian edge state, 
there are 3 left-moving S'0(3)-symmetric Majorana 
modes and one right-moving charged mode, with the La- 
grangian density^ 

2h 3 
£fr ac = --^dx<t>c(dt + v c d x )<j) c + i^2[X n (d t - v x d x )X n }. 

71 

(54) 

There are three electron operators corresponding to the 
three Majorana fermions, ^^. ac = A„e'^ c , n = 1,2,3. 
Their products yield pair operators. We focus on the pair 
operator exp(2i0 c ) which contains no information about 
neutral modes. One can easily verify that its correlation 
function is the same as the correlation function of the 
pair operator in the K = 8 state. Hence, all results can 
be taken without modifications from our discussion of 
the K = 8 state. Certainly, the total tunneling current 
includes also a single-electron part. One may expect that 
it is greater than the momentum-resolved contribution 
due to the pair tunneling since the tunneling amplitude 
is greater for single electrons than for pairs. 



Again the action can be rewritten in terms of two lin- 
ear combinations of the Bose fields <p c i and <p C 2'. a free 
left-moving mode </>3 and a right-moving mode </>4 with 
velocities V3 and W4 respectively. From the renormal- 
ization group, we find that the most relevant electron 
operators depend on the interaction strength parameter 
x = V\ij (vci +v c 2). Below we will only consider x < 2/3. 
The action ([55]) is only stable for x < 1/ s/2 and hence we 
ignore a small region 2/3 < x < l/y/2 in the parameter 
space. For x < 2/3, the most relevant electron operator 
is * frac = e**" 1 . 



G. Non-equilibrated anti-Pfaffian state 



The non-equilibrated anti-Pfaffian edge has the La- 
^rangian density^ 



C 



frac 



4tt 



[d x <j) c i{d t + v c id x )4> c 



+ 2d x (j)c2(-dt + Vc2d x )(j)c2 + 2,Vl2d x (t)cld x (j) c 2] 

+ i\(d t - v\d x )X. (55) 



The expression for the tunneling current J t ^ n and, in 
particular, the asymptotic behavior near singularities de- 
pends on the relative values of i>2 and 113, the velocities 
of the two left-moving modes. If V2 > W3 we obtain the 
following tunneling current 



L 



x < 



47r 2 e|7A| 2 
Vr(g 3 )T(g 4 ) 



,53+54-1 
34 



sign(w) 



1-2 1 
93 



t'23 
94 



34-1 



f + Ak 2f F(l, 1-54,1 



^ - Ak 

u 4 



2/ 



53-1 



^ + Ak 

"3 



2/ 



9l 



f24("/f 4 — Afc 2 f ) \ 

33, v 23 (uj/v3 + Ak2f ) )' 

«23(^/t'3+Afc 2 /) ' 



F(i,i- g 3,i+ g 4, :::^:i^l ) ! 



UJ > V 4 Ak2f Or UJ < —V2Ak2f 

—v 2 Ak 2 f < uj < —v 3 Ak 2 f 



otherwise 



(56) 



where the scaling exponents equal 



1 



53,4 



2 VP 



1 

2^ T 2 



(57) 



and F is the hypcrgcomctric function. 

For the interaction strength we focus on, < x < 2/3, 
we always have < 93 < 1 and 1 < 54 < 2. Asymptot- 
ically, I^ n ~ (uj — v±Ak2f) 93 when u> > v 4 Ak2f- Thus, 



lu = v 4 Ak2f corresponds to a divergency of the differ- 
ential conductance. If 10 < — i^AA^/ then the tunneling 
current is asymptotically equal to (cj + w 3 A/c2/) ff4 - When 
uj ps -v 2 Ak 2f , we have ~ (uj + v 2 Ak 2 f) 9a+94 ~ 1 . 
Hence, when 173+34 < 2, the differential conductance 
diverges at —V2Ak2f, while for 33 + 174 > 2 only a cusp 
is present as is shown in Fig. 1101 
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If V2 < «3 then the tunneling current is 

, 47T 2 eM 2 „ „ LJ 33+94-1 

X I 5(1,53,54), -V 3 < < -«2 

[ 0, otherwise 

(58) 

In this case the behavior near u) = U4A/C2/ is the same 
as above. The behavior near uj = — i^Afo/ and uj = 
—V2^kif is also the same as above but these singularities 
appear now in the opposite order since V2 < 1)3 • The 
differential conductance is shown in Fig. [TU] 



VII. DISCUSSION 

We have found the number of the transport singular- 
ities in different models and setups, Table UJ We also 
determined the nature of the singularities for the tunnel- 
ing into the boundary of the v — 5/2 and v = 2 states, 
Table UJ The information from Tables UJ and UJ allows 
one to distinguish different models of the 5/2 state. 

The results listed in Table UJ are also relevant for the 
transport in the setup Fig. [JJ in the case of weak inter- 
actions. Only the case of the K = 8 state should be 
reconsidered as discussed in Sec. IVI B 21 The same types 
and numbers of singularities will be found in both ver- 
sions of the setup, Fig. la) and Fig. lb). In the second 
case, the control parameter is not voltage bias but the 
momentum mistmatch between the quantum wire and 
the QHE edge. 

Certainly, in setup Fig. [TJ only the total tunneling 
current 

^tun = -^tun + Aun + ^tun (59) 

i 

and the total tunneling differential conductance Gtun can 
be measured, thus, singularities originating from all three 
contributions to the current will be seen. Here, I tu ' n de- 
scribe tunneling into the integer edge modes. However, 
these last two contributions to the current (|59[) always ex- 
hibit the same behavior for a weakly interacting system. 
They simply give rise to 4 delta-function conductance 
peaks. 

Let us briefly discuss tunneling between two identical 
v = 5/2 states. A significant difference from the pre- 
vious discussion comes from the symmetry of the sys- 
tem. The symmetry considerations yield the identity 
Jtun(w) = — itun( — w). In contrast to our previous dis- 
cussion, it is no longer possible to read the propagation 
direction of the modes from the I — V curve as there is 
no difference between positive and negative voltages. 



The tunneling current through a line junction between 
two 5/2 states expresses as 

/ tu „ =/ t A un (Afc, «) + 7 t A un (-Afc, W ) 

+ Cx + Aun + -C, (60) 

where J tum is the tunneling current between two frac- 
tional QHE edges, I tUin stays for tunneling between inte- 
ger QHE modes on one side of the junction and fractional 
QHE modes on the other side of the junction, and 
describe tunneling between integer QHE modes on dif- 
ferent sides of the junction. Since the tunneling operator 
between two fractional edge modes is less relevant than 
the other tunneling operators, the contribution / tum is 
smaller than the other contributions. All remaining con- 
tributions have already been calculated above. 

We considered several different setups. While calcula- 
tions are similar for all of them, they offer different ad- 
vantages and disadvantages for a practical realization. In 
the setups Fig. [JJ the main contribution to the current 
comes from the tunneling into integer edge states and 
additional singularities due to the fractional edge modes 
are weaker. In the setup shown in Fig. [2j all singu- 
larities are due to the tunneling into fractional quantum 
Hall modes only. However, controlling momentum dif- 
ference between integer and fractional edges in the setup 
Fig. would require changing the distance between the 
fractional and integer edge channels. This may poten- 
tially result in different patterns of edge reconstruction 
for different momentum differences and make the inter- 
pretation of the transport data difficult. A recent paper- 
considers momentum- resolved tunneling into a 5/2 edge 
in another related geometry: Electrons tunnel into an 
edge between v = 2 and v = 5/2 QHE liquids. This 
allows bypassing the problem of tunneling into integer 
edge modes. At the same time, it might be more dif- 
ficult to create a geometrically straight edge in such a 
setup than on the edge of a sample whereas momentum- 
resolved tunneling depends on momentum conservation 
and hence on straight edges. Our results apply to all 
above setups including that of Rcf. 38:1 In contrast to 
our paper, Ref. [38| only considers two candidate states: 
Pfaffian and non-equilibrated anti-Pfaffian. As discussed 
above, non-equilibrated anti-Pfaffian state can be probed 
with a conductance measurement in a bar geometry since 
its conductance is 7e 2 / (2h) in contrast to other candidate 
states. In this paper, we show how the Pfaffian state can 
be distinguished from several other proposed states which 
have the same conductance in the bar geometry. 

We assumed that the temperature is low. A finite tem- 
perature would smear the singularities. To understand 
the thermal smearing we recall that singularities are ob- 
tained at HAk = \eV/v m \, where v m is an edge mode 
velocity. A finite temperature can be viewed as a voltage 
uncertainty of the order of kT. Thus, the width of the 
smeared singularity is 8k ~ kT/[hv m ]. This suggests that 
the total number of singularities that can be resolved is of 
the order of Ak/5k ~ eV/kT. The lowest available tem- 
peratures in this type of experiments are under 10 niK-^. 
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TABLE II: Summary of singularities in the voltage dependence of the differential conductance G^ un for different 5/2 states. The 
"Modes" column shows the numbers of left- and right-moving modes in the fractional edge, the number in the brackets being 
the number of Majorana modes. "A" or "N" in the next column means Abelian or non-Abelian statistics. The "Singularities" 
shows the number of singularities, including divergencies (S), discontinuities (D) and cusps (C), i.e., discontinuities of the first 
or higher derivative of the voltage dependence of G^ un . The table refers to the tunneling into a boundary of v — 5/2 and v — 2 
liquids. The case of weak interaction, Fig. 1, is closely related. 



State 


Modes 


Statistics 


Singularities 


K=8 


1R 


A 


2C 


331 


2R 


A 


4C+2S or 5C+S 


Pfaffian 


2R(1) 


N 


2C+D 


Edge-reconstructed Pfaffian 


1L(1) + 2R 


N 


8C+2S or 9C+S 


Non-equilibrated anti-Pfaffian 


2L(1) + 1R 


N 


C+2S or 2C+S 



eV cannot exceed the energy gap for neutral excitations. 
While there is no data for this gap, it is expected to be 
lower than the gap for charged excitations. The latter 
exceeds 500 mK in high-quality samples^. This sug- 
gests that TV ~ 10 singularities could be resolved in a 
state-of-art experiment. Hence, as the discussion in the 
Appendix shows, our approach is restricted to the sys- 
tems with no or only few additional channels due to the 
reconstruction of the integer edges. Recent observations 
of the fractional QHE in graphen o 52 ' 53 may potentially 
drastically increase relevant energy gaps and the number 
of singularities that could be resolved. 

In conclusion, we considered the electron tunneling 
into v = 5/2 QHE states through a line junction. Mo- 
mentum resolved tunneling can distinguish several pro- 
posed candidate states. The number of singularities in 
the I — V curve tells about the number of the modes on 
the two sides of the junction. The nature and propaga- 
tion directions of the modes can be read from the details 
of the I — V curve. 
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Appendix A: Integer edge reconstruction 

In the appendix we determine the number of the con- 
ductance singularities in the setup Fig. [T]in the presence 



of additional integer edge modes due to the reconstruc- 
tion of the integer QHE edge. As an example, we consider 
the 331 state. The situation is similar for other states. 

We assume strong interaction between all modes. Ad- 
ditional modes due to edge reconstruction appear in pairs 
of counter-propagating modes so that the total Hall con- 
ductance is not affected. Let there be n = (n-f- + Hi ) 
additional modes, where n^n denotes the number of ad- 
ditional modes with the spin pointing up/down. We need 
to consider two types of operators: 1) most relevant ad- 
ditional tunneling operators create one electron charge in 
one of the additional modes; 2) operators that add one 
electron charge to one of the integer modes and transfer 
one electron charge between two other integer modes with 
the same spin. The operators of the second group are less 
relevant than the operators of the first group but their 
contribution to the current can be comparable with the 
contribution of the operators describing tunneling into 
fractional modes (cf. Sec. V). 

We find n new operators of the first type. The number 
of the operators of the second type equals 



m=(n t + l)n t (n t - l)/2 + (n+ + ljn^nj, - l)/2 

+(n t + iHK + 1) + K + iWK + !)-( A1 ) 

The total number of the modes equals n + 6. Hence, each 
tunneling operator is responsible for n + 6 singularities 
and their total number is (4+n+m)(n+6). At large n this 
number grows as n 4 . Such growth of the number of the 
singularities limits the utility of the proposed approach 
when n is large since it may be difficult to resolve the 
singularities. 
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